Abstract. We prove the vanishing of many Welschinger invariants of real symplectic 4-manifolds. In some particular instances, we also determine their sign and show that they are divisible by a large power of 2. Those results are a consequence of several relations among Welschinger invariants obtained by a real version of symplectic sum formula.
A real Lagrangian sphere of X R is a Lagrangian sphere globally invariant under τ . Two disjoint surfaces S and S in X are said to be connected by a chain of real Lagrangian spheres if there exists real Lagrangian spheres S 1 , . . . , S k in X such that S i ∩ S j = ∅ is |i − j| ≥ 2, and S i and S i+1 intersect transversely in a single point, as well as S and S 0 , and S and S k .
This note is devoted to prove the next theorems.
Theorem 1. Let X R be a real 4-symplectic manifold, and suppose that F has a representative which is connected to L by a chain of real Lagrangian spheres.
(1) If r ≥ 2, then W X R ,L,F (d, s) = 0. 
If in addition F = [RX \ L], then
(−1)
The invariant W X R ,L,0 (d, s) does not seem to satisfy a vanishing statement analogous to Theorem 1(1) (see [IKS13, IKS, Brua] ), implying that the set C(d, x, J) is usually non-empty. Theorem 1(2) partially generalizes [Wel, Theorem 1 can be specialized to real algebraic rational surfaces, whose classification is well known (see [Sil89, Kol] for example). A real algebraic rational surface is always implicitly assumed to be equipped with some Kähler form.
Let G be the subgroup of the τ -invariant classes in H 2 (X \ L; Z/2Z) generated by the kernel of the natural map H 2 (X \ L; Z/2Z) → H 2 (X; Z/2Z) and by the classes realized by real symplectic curves. We show in Propositions 8 and 9 that W X R ,L,F and W X R ,L,F are equal in absolute value if F − F ∈ G. We denote by H(X R , L) the group of τ -invariant classes in H 2 (X \ L; Z/2Z) quotiented by G. All groups H(X R , L) are computed in the case of real algebraic rational surfaces in Section 4. In particular, we prove in Proposition 10 that they only depend on a minimal model of X R and on the choice of L.
Theorem 2. Let X R be a real 4-symplectic manifold equal, up to deformation and equivariant symplectomorphism, to a real algebraic rational surface, and suppose that F is non-zero in H(X R , L). Then the conclusions of Theorem 1 hold in the following cases:
• X R is obtained from a minimal model by blowing up pairs of complex conjugated points and real points on at most two connected components of RX, one of them being L; • X R is a Del Pezzo surface;
Remark 1. In a burst of enthusiasm, we forgot in [BP13, Proposition 3 .3] the assumption that X R has to be symplectomorphic/deformation equivalent to a real algebraic rational surface.
Theorem 2 follows from the classification of real algebraic rational surfaces and Theorem 1, which in its turn is a direct consequence of Theorem 3 and Corollary 1 below. Our strategy to prove these latter is to degenerate X R into a reducible real symplectic manifold Y R , and to relate enumeration of curves in Y R and in X R . This degeneration can be thought as a degeneration of X R to a real nodal symplectic manifold, and can be described into two equivalent ways:
• the contraction of a τ -invariant Lagrangian sphere S V by stretching the neck of a τ -compatible almost complex structure in a neighborhood of S V , see [EGH00, Wel] ;
• the symplectic sum of X R and the normal bundle of an embedded real symplectic (−2)-sphere E in X, see [IP04] . In particular, Corollary 1 follows from Theorem 4, which can be seen as a real version of the Abramovich-Bertram-Vakil formula [AB01, Theorem 3.1.1], [Vak00, Theorem 4.5]. Another but related treatment of contraction of Lagrangian spheres contained in RX has previously been proposed by Welschinger in [Wel] . In this note, we adopt the symplectic sum description of the degeneration of X R to Y R .
The paper is organized as follows. We state Theorems 3 and 4 in Section 1. In particular the proof of Theorem 1 is reduced to the proof of these latter in Section 1.4. Theorems 3 and 4 rely on a real version of the symplectic sum formula given in Section 2, and are proved in Section 3. We end this paper by explicit computations in the case of real algebraic rational surfaces in Section 4.
Auxiliary results

Preliminaries.
In the whole text, we denote by X 0 = CP 1 × CP 1 , by ω F S the Fubini-Study form on CP n , and by l 1 and l 2 respectively the homology classes [CP 1 × {0}] and [{0} × CP 1 ] in H 2 (X 0 ; Z). Recall that H 2 (X 0 ; Z) is the free abelian group generated by l 1 and l 2 . Up to conjugation by an automorphism, there exist four different real structures on (CP 1 × CP 1 , ω F S × ω F S ), and the class l 1 + l 2 is invariant for exactly three of them, see for example [Sil89, Kol] . These latter are given in coordinate by:
• τ hy (z, w) = (z, w),
Note that τ hy and τ em acts trivially on H 2 (X 0 ; Z/2Z), while τ el exchange the classes l 1 and l 2 . Note also, with the convention that χ(∅) = 0, that χ(RX hy ) = χ(RX em ) = 0, and χ(RX el ) = 2.
Let E be a representative of the class l 1 + l 2 in H 2 (X 0 ; Z). Next lemma is straightforward. Lemma 1. The group H 2 (X 0 \ E; Z/2Z) is isomorphic to Z/2Z, and is generated by any representative disjoint from E of the class l 1 + l 2 in H 2 (X 0 ; Z/2Z).
Lemma 2.
Suppose that E is a real symplectic curve in (X 0 , ω F S × ω F S , τ el ). Then the group H 2 (X 0 , E; Z/2Z) is isomorphic to Z/2Z, and is generated by any τ el -invariant disk D with ∂D ⊂ E. Proof. The fact that H 2 (X 0 , E; Z/2Z) is isomorphic to Z/2Z follows immediately from the long exact sequence of pairs. Let D be a τ el -invariant disk with ∂D ⊂ E. Denote by D 1 and D 2 the two halves of E \ ∂D. Since E is a real symplectic curve, the involution τ el exchanges D 1 and D 2 . The closure of D i ∪ D realizes a class in H 2 (X 0 ; Z/2Z), and we have Example 1. In the case when X 0 \ E is the affine quadric with equation x 2 + y 2 + z 2 = 1 in C 3 , the sphere X 0 ∩ R 3 is an example of generator of H 2 (X 0 \ E; Z/2Z), and the disk X 0 ∩ (iR × iR × R >0 ) is an example of generator of H 2 (X 0 , E; Z/2Z).
1.2. Vanishing Lagrangian spheres. Let X R = (X, ω, τ ) be a real symplectic manifold of dimension 4. A class V in H 2 (X; Z/2Z) is called a real vanishing cycle if it can be represented by a real Lagrangian sphere S V . By stretching the neck of a τ -compatible almost complex structure in a neighborhood of S V , one decomposes X into the union of X \ S V and T * S V . This operation can be thought as a degeneration of X R to a real nodal symplectic manifold for which V is precisely the vanishing cycle. Equivalently, the class V is a real vanishing cycle if and only if, up to deformation, X R can be represented as the real symplectic sum of two real symplectic manifolds (X 1 , ω 1 , τ 1 ) and (X 0 , ω F S × ω F S , τ 0 ) along an embedded symplectic sphere E of self-intersection −2 in X 1 (hence of self-intersection 2 in X 0 ) where:
• E is real and realizes the class
• V is represented by the deformation in X of a representative of the non-trivial class in H 2 (X 0 \ E; Z/2Z). By abuse, we still denote by V the non-trivial class in H 2 (X 0 \ E; Z/2Z). We refer to Section 2.2 for more details about the symplectic sum operation. We denote by X the union of (X 1 , ω 1 , τ 1 ) and
of X corresponds to the compactified normal bundle of E in X, i.e. to P(N E/X ⊕ C) where N E/X is the normal bundle of E in X. In particular, the homology groups H 2 (X; Z) and H 2 (X 1 ; Z) are canonically identified, and we implicitly use this identification throughout the text.
Let F be a τ -invariant representative of a τ -invariant class F ∈ H 2 (X \ L ; Z/2Z), and define F i = F ∩ X i . Note that by construction we have ∂F i ⊂ E. Throughout the text, we always assume that F satisfies the following conditions:
• either F ∩ RE = ∅, or there exists a neighborhood U of RE in X such that F ∩ U ⊂ RX ;
• one of the two following assumptions hold:
where D is a τ -invariant disk with ∂D ⊂ E, and Γ is a cycle representing the class γV in H 2 (X 0 ; Z/2Z).
Vanishing Welschinger invariants.
Next theorem is a key ingredient in the proof of Theorem 1, and will be proved in Section 3.1.
(2) If r = 1 and c 1 (
Note that the assumptions of Theorem 3 imply that τ 0 = τ el and that F 0 satisfies (H 2 ). In the Lagrangian sphere contraction presentation, the condition that L 0 is a disk translates to the condition that L ∩ S V is reduced to a single point, at which the order of intersection is odd.
1.4. From X 1 to X. Here we reduce the computation of Welschinger invariants of X R to enumeration of real J-holomorphic curves in X 1,R for a τ 1 -compatible almost complex structure J for which E is J-holomorphic. Definition 1. Let J be a τ 1 -compatible almost complex structure on (X 1 , ω 1 , τ 1 ) for which the curve E is J-holomorphic, and let C 1 be an immersed real rational J-holomorphic curve intersecting E transversely. We denote by a the number of points in RC 1 ∩ RE, by b the number of pairs of τ 1 -conjugated points in C 1 ∩ E, and by m L 1 ,F 1 (C 1 ) the number of intersection points of C 1 with L 1 ∪ F 1 Finally, let k ≥ 0 be an integer.
(1) If F 0 satisfies assumption (H 1 ), then we define
Choose a configuration x made of r points in L 1 and s pairs of τ -conjugated points in X 1 \ RX 1 . Let J be a τ 1 -compatible almost complex structure for which E is J-holomorphic. For each integer k ≥ 0, we denote by C 1,k (d, x, J) the set of all irreducible rational real Jholomorphic curves in (X 1 , ω 1 , τ 1 , J) passing through all points in x, realizing the class d − k [E] , and such that L 1 contains the 1-dimensional part of RC 1 . For a generic choice of J satisfying the above conditions, the set C 1,k (d, x, J) is finite, and any curve in C 1,k (d, x, J) is nodal and intersects E transversely. Moreover C 1,k (d, x, J) is non-empty only for finitely many values of k.
We prove next theorem in Section 3.2.
Theorem 4. Suppose that L 1 = ∅. Then for a generic choice of J, the two following claims hold.
(1) If F 0 satisfies assumption (H 1 ), then, with the convention that χ(∅) = 0, one has
(2) If F 0 satisfies assumption (H 2 ), then one has
Applying Theorem 4(1) with F = [RX \ L], one obtains [BP13, Theorem 2.2]. Some instances of Theorem 4(1) when RX 0 = S 1 × S 1 have been known for sometimes, e.g. [Brub, Bru11, Kha, RS] . Since the publication of [BP13] , an algebro-geometric proof of Theorem 4(1) appeared in [Brua] and in [IKS] in the particular cases when X is a Del Pezzo surface of degree two or more. Theorem 4(2) immediately implies the following corollary.
Proof of Theorem 1. This is an immediate consequence of Corollary 1 and Theorem 3 1.5. Applications of Theorem 4(1). We do not explicitly use Theorem 4(1) in the proof of Theorem 1, nevertheless its proof is almost contained in the proof of Theorem 4(2). Theorem 4(1) has many interesting applications, in particular in explicit computations of Welschinger invariants, see [Brua, IKS] . We present two other consequences.
We first relate some tropical Welschinger invariants to genuine Welschinger invariants of the quadric ellipsoid. We refer to [IKS09] for the definition of tropical Welschinger invariants. The only homology classes of (X 0 , ω F S × ω F S , τ el ) realized by real curves are of the form dl 1 + dl 2 with d ∈ Z >0 . We say that a tropical curve in R 2 is of class aB + bF in TF 2 if its Newton polygon has vertices (0, 0), (0, a), (b, a), and (2a + b, 0). We denote by W TF 2 (dB) the irreducible tropical Welschinger invariant of TF 2 for curves of class dB.
Proof. We consider the second Hirzebruch surface F 2 equipped with its real structure induced by the blow up at the origin of the real quadratic cone with equation x 2 +y 2 −z 2 = 0. We denote respectively by h and f the class in H 2 (F 2 ; Z) of a hyperplane section and of a fiber. According to [Mik05] , if x T is a tropically generic configuration of 4d − 1 points in R 2 , then any rational tropical rational curve in TF 2 of class (d − k)B + 2kF and containing x T has 4d unbounded edges of weight 1. Still by [Mik05] , this implies the existence of a generic configuration x of 4d − 1 points in RF 2 such that any real algebraic rational curve in F 2 of class (d − k)h + 2kf and containing x intersect the (−2)-curve only in real points. Now the corollary follows from Theorem 4(1) applied with RX 0 = S 2 .
It is proved in [IKS04] that given a real toric Del Pezzo surface X equipped with its tautological real toric structure and a class d ∈ H 2 (X; Z), we have
The same idea we used in the proof of Proposition 1 combined with Theorem 4 and [Brua, Theorem 3.12] provide a natural generalization of this formula in the particular cases when X is a Del Pezzo surface of degree at least three.
Proposition 2. Let (X, ω) be a symplectic 4-manifold symplectomorphic/deformation equivalent to a Del Pezzo surface of degree at least three. If X R = (X, ω, τ 1 ) and X R = (X, ω, τ 2 ) are two real structures on (X, ω), then for any d ∈ H 2 (X; Z) one has
Proof. We first prove the proposition in the case when (X, ω) is deformation equivalent to CP 2 blown up at six points. We consider CP 2 and its blown up equipped with the standard complex structure J st . Let us blow up CP 2 in 6 − 2κ real points and κ pairs of conjugated points. If these points are chosen generically, we denote the obtained surface by CP 2 6 (κ), and by CP 2 6 (κ) if these six points lye on a smooth real conic with a non-empty real part. We also denote by CP 2 6 (4) the real structure on the blow up CP 2 in 6 points with a disconnected real part (see [Sil89, Kol] ). We denote by E the strict transform of this conic in CP 2 6 (κ). Theorem 4(1) applied to E in [Brua, Theorem 3.12 ] that there exists a configuration of real points x in CP 2 6 (κ) such that for any k ≥ 0, any curve in C 1,k (d, x, J st ) intersects E only in real points (i.e. b = 0), and
Now the result follows immediately from Theorem 4(1).
The proof in the case of CP 1 × CP 1 is analogous using floor diagrams from [BM08] .
Note that Proposition 2 does not generalize immediately to any symplectic 4-manifold. Indeed, according to [ABLdM11, Section 7.3] one has W CP 2 ,RP 2 (9, 12) < W CP 2 ,RP 2 (9, 13), i.e. Proposition 2 does not hold in the case of CP 2 blown up in 26 points.
Preparation
An isomorphism between two J-holomorphic maps f 1 : C 1 → X and f 2 : C 2 → X is a biholomorphism φ : C 1 → C 2 such that f 1 = f 2 • φ. Maps are always considered up to isomorphisms.
, we use the following notation:
The vector in Z ∞ ≥0 whose all coordinates are equal to 0, except the ith one which is equal to 1, is denoted by e i .
2.1. Curves with tangency conditions. Let (X, ω) be a compact and connected 4-dimensional symplectic manifold, and let E ⊂ X be an embedded symplectic curve in X. Let d ∈ H 2 (X; Z) and α, β ∈ Z ∞ ≥0 such that
Choose a configuration x = x • x E of points in X, with x • a configuration of c 1 (X)·d−1−d·[E]+|β| points in X \ E, and x E = {p i,j } 0≤j≤α i ,i≥1 a configuration of |α| points in E. Given J an almost complex structure on X tamed by ω and for which E is J-holomorphic, we denote by C α,β (d, x, J) the set of rational J-holomorphic maps f : CP 1 → X such that
• f (CP 1 ) has order of contact i with E at each points p i,j ;
• f (CP 1 ) has order of contact i with E at exactly β i distinct points on E \ x E .
For a generic choice of J, the set C α,β (d, x, J) contains finitely simple maps. However it might contains infinitely many non-simple maps. Next proposition shows nevertheless that the set
is finite.
Proposition 3. For a generic choice of J, the set C α,β * (d, x, J) is finite. More precisely, suppose that C α,β (d, x, J) contains a non-simple map f which factors through a non-trivial ramified covering of a simple map f 0 : CP 1 → X. Denote by d 0 the homology class
with (k 1 , k 2 ) = (1, 0), (0, 1), or (0, 0). Moreover in the first two cases, the set C α,β (d, x, J) is finite and |α 0 | + |β 0 | ≥ 2.
Proof. Let δ ≥ 2 be the degree of the covering map through which f factors. In particular we have d = δd 0 . By Riemann-Hurwitz Formula, we have
Combining the latter identity with |α 0 | = |α|, we get
Since f 0 (CP 1 ) contains all points in x 0 we have
and so
Combining this identity with (1), we obtain
. Moreover in the first two cases, all inequalities above are in fact equalities. In particular there exists finitely many coverings π :
Remark 2. The three cases from Proposition 3 show up, even in simple situations. Let us consider for example X to be CP 2 blown up at a point q. Denote by l the homology class of a line, by e 1 the class of the exceptional divisor, and by E the pull back of a conic not passing through q. Then for any choice of J, the sets C 0,2e δ (δ(l − e 1 ), {p}, J), C e δ ,e δ (δ(l − e 1 ), ∅, J), and C 0,e 2δ (δ(l − e 1 ), ∅, J) with δ ≥ 2 contain a non-ramified covering of a line, the third set being of dimension δ − 1.
In this case when X = CP 1 × CP 1 and [E] = l 1 + l 2 , the set C α,β (d, x, J) is always finite and made of simple maps.
Proposition 4. Suppose that X = CP 1 × CP 1 and [E] = l 1 + l 2 . Then the set C α,β (d, x, J) with |x 0 | ≤ 1 is empty except in in the following situations where it contains a unique element:
• C e 1 ,0 (l i , ∅, J), i = 1, 2;
• C e 2 ,0 (l 1 + l 2 , {p}, J). Moreover, this unique element is an embedding.
In particular, for any d ∈ H 2 (X; Z), any α, β ∈ Z ∞ ≥0 such that
any configuration x = x • x E , and any generic choice of J, the set C α,β (d, x, J) is finite and contains only simple maps.
Proof. The last assertion follows from the first one and Proposition 3.
The first Chern class of X is dual to 2(l 1 + l 2 ), so
Suppose that a + b − 1 + |β| = 0 and that C α,β (al 1 + bl 2 , ∅, J) = ∅. Since (al 1 + bl 2 ) · [E] = a + b, and since two J-holomorphic curves intersect positively, we obtain a + b ≥ 0. Hence either a + b = 0 and |β| = 1, or a + b = 1 and |β| = 0.
By genericity of J, we have that (al 1 + bl 2 ) 2 ≥ −1, i.e. 2ab ≥ −1. If a + b = 0, this implies that a = b = 0 which contradicts |β| = 1. If a + b = 1, then 2a 2 − a − 1 ≤ 0 which implies that a = 0 or 1.
In the case a + b − 1 + |β| = 1 and C α,β (al 1 + bl 2 , {p}, J) = ∅, we prove analogously that we are in one of the following situations:
• (a, b) = (1, 0) or (0, 1), and |β| = 1;
• (a, b) = (1, 1), (2, 0), or (0, 2), and |β| = 0.
If X is equipped with the symplectic form ω F S × ω F S and its standard complex structure J st , it is easy to check that the sets C e 1 ,0 (l i , ∅, J st ), C 0,e 1 (l i , {p}, J st ), C 2e 1 ,0 (l 1 + l 2 , {p}, J st ), and C e 2 ,0 (l 1 + l 2 , {p}, J st ) consists of a unique element. This implies that when we vary both ω and J, the corresponding sets still contain at least one element. Moreover they cannot contain more than one element, since the imposed constraints imply that two distinct curves would have an intersection number strictly bigger than the one imposed by their homology class. Finally, all J-holomorphic maps under consideration are embeddings thanks to the adjunction formula.
Suppose now that C α,0 (2l i , {p}, J) contains an element f : CP 1 → X. We proved in the previous paragraph that there exists a map f :
we deduce that f factors through f and a degree 2 ramified covering of CP 1 . This contradicts Proposition 3.
2.2. Symplectic sum formula. Here we describe a very particular case of the symplectic sum formula from [IP04] . In this section and in Section 2.3, otherwise stated we do not assume that
Let (X 0 , ω 0 ) and (X 1 , ω 1 ) be two symplectic connected compact 4-manifolds, and let φ i : E → X i , i = 0, 1, be two symplectic embeddings of a symplectic sphere such that the self-intersection of the φ i (E)'s in X i are opposite to each other. By abuse, we still denote by E the image of φ i (E) in X i . The condition on the self-intersections is equivalent to the existence of a symplectic bundle isomorphism ψ between the normal bundle of E in X 0 and the dual of the normal bundle of E in X 1 .
Out of these data, one produces a family of symplectic 4-manifolds (Y t , ω t ) parametrized by a small complex number t in C * . All those 4-manifolds are deformation equivalent, and are called symplectic sums of (X 0 , ω 0 ) and (X 1 , ω 1 ) along E. Next theorem says that this family can be seen as a symplectic deformation of the singular symplectic manifold X = X 0 ∪ E X 1 obtained by gluing (X 0 , ω 0 ) and (X 1 , ω 1 ) along E.
Proposition 5 ([IP04, Theorem 2.1]).
There exists a symplectic 6-manifold (Y, ω Y ) and a symplectic fibration π : Y → D over a disk D ⊂ C such that the central fiber π −1 (0) is the singular symplectic manifold X , and π −1 (t) = (Y t , ω t ) for t = 0.
Note that the map π provides an identification of all homology groups H i (π −1 (t); Z) with t ∈ D.
Let d ∈ H 2 (Y t ; Z), and choose x(t) a set of c 1 (
Choose an almost complex structure J on Y tamed by ω Y , which restrict to an almost complex structure J t on Y t tamed by ω t on each fiber π −1 (t), and generic with respect to all choices we made.
Define C(d, x(0), J 0 ) to be the set f : C → X of limits, as stable maps, of maps in C(d, x(t), J t ) as t goes to 0, and C * (d, x(0), J 0 ) as in Section 2.1. Recall (see [IP04, Section 3]) that C is a connected nodal rational curve such that:
• any point p ∈ f −1 (E) is a node of C which is the intersection of two irreducible components C and C of C, with f (C ) ⊂ X 0 and f (C ) ⊂ X 1 ;
• if in addition neither f (C ) nor f (C ) is entirely mapped to E, then the multiplicity of intersection µ p of both f (C ) and f (C ) with E are equal.
If C 1 , . . . , C k denote the irreducible components of C and if none of them is entirely mapped to E, we define µ(f ) =
Proposition 6. For a generic J 0 , the set C * (d, x(0), J 0 ) is finite, and only depends on x(0) and J 0 . Moreover if f : C → X is an element of C(d, x(0), J 0 ), then no irreducible component of C is entirely mapped to E. If in addition we assume that f restricted to any irreducible component of C is simple, then f is the limit of exactly µ(f ) elements of C(d, x(t), J t ) as t goes to 0.
Proof. The proof is analogous to the proof of [Brua, Proposition 5.1]. Thanks to Proposition 3, the proof reduces to standard dimension estimations. The fact that no component of C is entirely mapped to E follows from [IP04, Example 11.4 and Lemma 14.16].
Denote by d i the homology class realized by f (C i ) in either X 0 or X 1 , and by a i the number of its intersection points with E. By Proposition 3, if f (C i ) ⊂ X j contains ℵ i points of x(0), we have
Moreover, the curves in X 0 and X 1 have to match along E, which provide a := f −1 (E) additional independent conditions. Altogether we obtain
By [IP04, Lemma 2.2], we have
and an Euler characteristic computation gives a = k − 1. Hence we obtain
In particular all the above inequalities are in fact equalities. Together with Proposition 3, this implies that the set C * (d, x(0), J 0 ) is finite. The rest of the proposition follows now from [IP04, Theorem 10.1].
2.3. Real symplectic sums. We equip the disc D from Proposition 5 with the standard complex conjugation. Let us assume now that (Y, ω Y ) is endowed with a real structure τ Y such that the map π : Y → D is real, and let us choose the set of sections x : D → Y to be real. Note that each fiber π −1 (t) comes naturally equipped with a real structure τ t . Let us fix a real element f : C → X of C(d, x(0), J 0 ). Given a pair {q, τ 0 (q)} of elements in f −1 (E), we define µ {q,τ (q)} = µ q (note that µ q = µ τ (q) so µ q,τ (q) is well defined). We denote by ξ 0 the product of the µ {q,τ (q)} where {q, τ (q)} ranges over all pairs of conjugated elements in f −1 (E).
If RE = ∅ and given p ∈ RE, choose a neighborhood U p of p in RX homeomorphic to the union of two disks. The set U p \ RE has four connected components U p,1 , U p,2 ⊂ RX 0 and U p,3 , U p,4 ⊂ RX 1 , labeled so that when smoothing RX to RY t with t ∈ R, the components U p,1 and U p,3 one hand hand, and U p,2 and U p,4 on the other hand, glue together, see Figure 1a . Denote respectively by U p,1,3 and U p,2,4 a deformation of U p,1 ∪ U p,3 and U p,2 ∪ U p,4 in RY t . Given q ∈ R f −1 (E) , denote by U q a small neighborhood of q in RC. If µ q is even, define the integer ξ q as follows:
We define ξ(f ) as the product of ξ 0 with all the ξ q 's where q ranges over all points in R f −1 (E) with µ q even.
Proposition 7. Suppose that the restriction of f to any component of C is simple. Then the real map f is the limit of exactly ξ(f ) real maps in C(d, x(t), J t ). Moreover for each q ∈ R f −1 (E) , one has
• if µ q is odd, then any real deformation of f has exactly µ q − 1 solitary nodes in U f (q),1,3 ∪ U f (q),2,4 (see Figure 1b) ;
• if µ q is even, then half of the real deformations of f have exactly 
Application
Here we apply results from Section 2 to the case exposed in Section 1.2, i.e. when (X 0 , ω 0 , τ 0 ) = (CP 1 × CP 1 , ω F S × ω F S , τ ) and [E] = l 1 + l 2 . As explained there, the summand (X 0 , ω 0 , τ 0 ) of X corresponds to P(N E/X ⊕ C). Without loss of generality, we may assume that l 2 is the class realized by the compactification of a fiber of N E/X . In particular if f : C → X is an element of C(d, x(0), J 0 ), and if C i is the union of the irreducible components of C mapped to X i , then there exists k ∈ Z ≥0 such that
If F ∩ RE = ∅, then by perturbing F if necessary, we may assume that f (C) ∩ F ∩ E = ∅ for all f ∈ C(d, x(0), J 0 ) 3.1. Proof of Theorem 3. Here we suppose that x(0) ∩ X 0 is reduced a single point p 0 , and that
Lemma 3. Let f : C → X be an element of C(d, x(0), J 0 ). The image of the irreducible component C of C 0 whose image contains p 0 realizes either a class l i or the class l 1 + l 2 .
• If this class is l i , then the curve C 1 is irreducible and f |C 1 is an element of C e 1 ,(d+2k−1)
, where x E = f (C 1 ) ∩ E, and α = 2e 1 or α = e 2 . The curve C 1 has two irreducible components in the former case, and is irreducible in the latter case. All the other irreducible components of C 0 realize a class l i , and f restricts to a simple map on each irreducible component of C.
Proof. Except the statement about the restriction of f , everything follows immediately from Propositions 6 and 4, and the fact C is rational.
In particular if f restricts to a non-simple map on an irreducible component of C, then this component has to be C 1 , and f |C ∈ C e 2 ,0 (l 1 + l 2 , {p 0 } ∪ x E , J 0 ). Let ρ : CP 1 → CP 1 be the ramified covering through which f |C 1 factors. Since x(0) ∩ X 1 = ∅, Proposition 3 implies that at least two ramification points of ρ should be mapped to E. Hence there should exists an irreducible component C of C distinct from C and intersecting E non-transversely. This contradicts the fact that f * [C ] = l i .
Proof of Theorem 3(1). Let
Since τ el exchanges l 1 and l 2 , there exists an irreducible component C of C 0 such that
since otherwise there would be no real deformation of f . Since C is rational, this implies that C is the only real irreducible component of C. However this is impossible since the assumption r ≥ 2 forces C 1 to have a real component. Hence f |C ∈ C e 2 ,0 (l 1 +l 2 , {p 0 }∪x E , J 0 ) for any choice of f , and Theorem 3(1) is now a consequence of Lemma 3 and Proposition 7.
Proof of Theorem 3(2). According to the proof of Theorem 3(1), the only maps f ∈ C(d, x(0), J 0 ) with a non-trivial contribution to W X R ,L,F (d, s) satisfy f |C ∈ C 2e 1 ,0 (l 1 + l 2 , {p 0 } ∪ x E , J 0 ). In particular, the curve C 1 has two irreducible components, which are exchanged by the real structure on C. There are 2 c 1 (X)·d−4 2 ways of distributing the points in x(0) ∩ X 1 among these two components, which proves the result about divisibility of W X R ,L,F (d, s).
Moreover C is the only real irreducible component of C and the map f |C is an embedding. The adjunction formula implies that the number of real solitary double points of f (C) has the same parity than
3.2. Proof of Theorem 4. Here we suppose that x(0) ∩ X 0 = ∅.
Lemma 4. Let f : C → X be an element of C(d, x(0), J 0 ). Then the curve C 1 is irreducible, and the image of any irreducible components of C 0 realizes a class l i . In particular, f is the limit of a unique element of C(d, x(t), J t ) as t goes to 0.
Proof. This is an immediate consequences of Propositions 6 and 4.
We define C f to be the set of elements f :
if and only if the image of exactly k irreducible components of C 0 realize the class l 1 . Since
, Lemma 4 and Proposition 4 immediately imply next lemma.
Proof of Theorem 4(1). Let us choose a real element f : C → X of C(d, x(0), J 0 ), and let us denote by a (resp. b) the number of real (resp. pairs of τ 0 -conjugated) points of intersections of E and f (C). The map f : C 0 → X 0 is real, so the set C f has exactly
real elements if τ 0 acts trivially on H 2 (X 0 ; Z); • 2 k if a = 0 and b = k, and 0 otherwise, real elements if τ 0 exchanges l 1 and l 2 . In both cases we have m L ,F (f ) = m L 1 ,F 1 (f |C 1 ) + γ(a + b), and Theorem 4(1) now follows from Proposition 7.
Proof of Theorem 4(2).
Recall that by assumption we have τ 0 = τ el , which implies in particular that a = 0. Suppose that b = 0, and choose a pair {p, τ 0 (p)} of τ 0 -conjugated intersection points of E with f (C). Let f : C → X be an element of C f , and denote by C p (resp. C τ 0 (p) ) the irreducible component of C 0 whose image contains p (resp. τ 0 (p)). Define the map f : C → X as follows:
. The map f is also an element of C f , and it follows from Lemma 6 below that m L ,
and Theorem 4(2) is proved.
Given a point p ∈ E, let us denote by C p the (unique) J 0|X 0 -holomorphic curve in the class l 1 passing through p.
Lemma 6. Let D ⊂ CP 1 ×CP 1 be an embedded τ el -invariant disk with ∂D ⊂ E. Then if p ∈ E \∂D, the parity of the number of intersection points of D with C p and C τ el (p) are different.
Proof. Denote by D 1 and D 2 the two halves of E \ ∂D. According to the proof of Lemma 2, we have
). Now the results follows from the fact the any J 0|X 0 -holomorphic curve in the class l i intersects E in exactly one point.
Real algebraic rational surfaces
Here we deduce Theorem 2 from Theorem 1 and the classification of real rational algebraic surfaces (see for example [Sil89, Kol] ). The proof goes by explicit computations of homology groups and direct application of Theorem 1. Recall that any real algebraic minimal rational surface with a non empty real part corresponds to exactly one of the following cases:
• CP 1 × CP 1 equipped with the real structure τ el ;
• CP 2 equipped with the complex conjugation;
• minimal conic bundles;
• covering of degree 2 of CP 2 ramified along a maximal real quartic;
• covering of degree 2 of the quadratic cone in CP 3 ramified along a maximal real cubic section.
We treat all these cases in Sections 4.2, 4.3, 4.4, and 4.5, and prove Theorem 2 in Section 4.6. 4.1. Generalities. Let X R = (X, ω, τ ) be a real symplectic 4-manifold, and L a connected component of RX. Recall first that (X, ω) can be deformed to a rational algebraic surface. In particular all homology groups of X are known, and the intersection form on H 2 (X; Z/2Z) in non-degenerate. It follows from the Mayer-Vietoris sequence applied to the decomposition of X into the union of X \ L with a tubular neighborhood of L in X that
, and b 1 (X \ L) = 1 otherwise. Moreover, the group H 1 (L; Z/2Z) is naturally isomorphic to the kernel of the natural map ι :
The consideration of the group H(X R , L) is justified by the next two propositions.
Proposition 8. Let X R = (X, ω, τ ) be a real symplectic 4-manifold, and δ be a τ -invariants class in H 2 (X \ L; Z/2Z) realized by a real symplectic curve C δ . Then for any d ∈ H 2 (X; Z), we have
Proof. Choose C δ to be smooth, and let J be a τ -compatible almost complex structure on X such that C δ is J-holomorphic. Let also f : C → X be a real J-holomorphic map with f * [C] = d and C of arithmetic genus 0, and such that L contains f (RC). Then f (C) · δ = d·δ 2 , and this equality is preserved modulo 2 under deformation of both f and J.
The real part of a real symplectic curve C defines a class in H 1 (L; Z/2Z). This class only depends on [C] ∈ H 2 (X; Z/2Z), and is denoted by l [C] .
Proposition 9. Let X R = (X, ω, τ ) be a real symplectic 4-manifold, and δ an element of Ker ι H 1 (L; Z/2Z). Then for any d ∈ H 2 (X; Z), we have
Proof. Let C be a real symplectic curve in X. Let γ ⊂ L be a smooth representative of δ viewed as an element of H 1 (L; Z/2Z), intersecting RC transversely and in finitely many points. The boundary of a tubular neighborhood of L in X is a circle fibration over L, and the restriction γ of this fibration over γ is a representative of δ viewed as an element of Ker ι. Note that these circles can be chosen as small as needed around γ. In particular, all intersection points of γ and C are located in a neighborhood of RC ∩ γ, and each such point corresponds to a pair of τ -conjugated points of γ ∩ C.
4.2.
Surfaces with H(X R , L) = 0. We start by giving the list of real algebraic minimal rational surfaces whose group H(X R , L) vanishes. There are exactly four of them.
Lemma 7. If X R is either (CP 1 ×CP 1 , τ el ), or (CP 2 , conj), or a minimal conic bundle with RX = L, then H(X R , L) = 0.
Proof. One computes easily that H 2 ((CP 1 × CP 1 ) \ S 2 ; Z/2Z) (resp. H 2 (CP 2 \ RP 2 ; Z/2Z)) is generated by the class realized by a real algebraic curve in the class l 1 + l 2 (resp. a real conic) with an empty real part. If X R = (CP 1 × CP 1 , τ hy ), then H 2 (X \ RX; Z/2Z) is naturally isomorphic to Ker ι × H 2 (X; Z/2Z). The case of a minimal conic bundle with RX = S 2 is done in Section 4.3.
4.3. Minimal conic bundles. Let (X, τ ) be a minimal conic bundle whose real part is made of n ≥ 1 spheres. Up to real deformation, we may assume that X has the following affine equation in C 3 :
where a 1 < a 2 . . . < a 2n are distinct real numbers, and τ is the restriction of the complex conjugation on C 3 . Forgetting the (y, z)-coordinates provides a real projection ρ : X → CP 1 . Given i = 1, . . . n, we denote by S 2i−1 (resp. S 2i ) the Lagrangian sphere
, with the obvious convention that a 2n+1 = a 0 , see Figure 3 . We also denote by F a generic
Figure 3. Real vanishing cycles of Conic bundles fiber, by E 2 an irreducible component of the singular fiber ρ −1 (a 2 ), and by B a (non-real) section of ρ which does not intersect the curve E 2 . The real Picard group of X is the free abelian group generated by F and c 1 (X).
Proof. We have the following intersection products in H 2 (X; Z/2Z):
) is a free family of H 2 (X; Z/2Z), and hence is a basis.
The classes c 1 (X), [F ] , and [S i ] are τ -invariant, and we have:
) is a basis of the subspace of τ -invariant classes of H 2 (X \ L; Z/2Z), and the lemma is proved.
4.4.
Minimal real Del Pezzo surface of degree 2. Let Q be the real quartic in CP 2 whose real part together its position with respect to a bitangent H is depicted in Figure 4a . We denote by (X, τ ) the real double covering ρ : X → CP 2 ramified along Q, whose real part consists of four spheres. The real Picard group of X is the free abelian group generated by c 1 (X).
There exists a (−1)-curve E such that ρ(E) = H. Let S 1 , S 3 , S 5 , and S 7 by the four spheres of RX. By the rigid isotopy classification of real plane quartics, each pair of real spheres is connected by a τ -invariant vanishing Lagrangian sphere. Let S 2 (resp. S 4 , S 6 ) such a sphere connecting S 1 and S 3 (resp. S 3 and S 5 , S 5 and S 7 ) as depicted in Figure 4b . Proof. We have the following intersection products in H 2 (X; Z/2Z): 4.5. Minimal real Del Pezzo surface of degree 1. Let Q be the real cubic section of the quadratic cone Σ in CP 3 whose real part together with its position with respect to a tritangent hyperplane section H is depicted in figure 5a . We denote by (X, τ ) the real double covering ρ : X → Σ ramified along Q whose real part consists of four spheres and a real projective plane. The real Picard group of X is the free abelian group generated by c 1 (X).
There exists a (−1)-curve E such that ρ(E) = H. Let S 1 , S 3 , S 5 , S 7 and N be respectively the four spheres and the real projective plane of RX. By the rigid isotopy classification of real cubic sections of Σ, there exist τ -invariant vanishing Lagrangian spheres S 2 , S 4 , S 6 , S 8 , S 9 as depicted in Figure 5b . Note that τ acts trivially on H 2 (X; Z/2Z).
Lemma 10. A basis of H(X R , S 1 ) is given by ([S 3 ] To end the proof, we start with the following remark: if ( X, τ ) is a blow up of (X, τ ) at a real point or at a pair of τ -conjugated points, and if L is the component of R X corresponding to L, then there is a natural injective group homomorphism φ : H(X R , L) → H( X R , L). Theorem 2 now follows immediately from next proposition.
Proposition 10. The map φ is an isomorphism.
Proof. This is clearly true when ( X, τ ) is a blow up of (X, τ ) at a real point in RX \ L or at a pair of τ -conjugated points. This is also clearly true if (X, τ ) = (CP 1 × CP 1 , τ hy ) by Lemma 7. Hence let us now assume that ( X, τ ) is a blow up of (X, τ ) at a point p ∈ L, and that (X, τ ) = (CP 1 × CP 1 , τ hy ).
In particular H 1 (X \ L; Z/2Z) = 0 and b 2 ( X \ L; Z/2Z) = b 2 (X \ L; Z/2Z) + 2. One of the two extra generators of H 2 ( X \ L; Z/2Z) is given by the extra generator of H 1 ( L; Z/2Z). In particular, we deduce dim H( X R , L) ≤ dim H(X R , L) + 1. From the classification of minimal real algebraic surfaces up to deformation, we may assume that there exists an algebraic curve C in X such that C ∩ L = {p} and that this intersection is transverse. Hence the strict transform of C in X is a second extra generator of H 2 ( X \ L; Z/2Z), which is either not τ -invariant or mapped to 0 in H( X R , L). and opposite
